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Abstract
We analyze the asymptotic behavior of the attractors of a parabolic problem
when some reaction and potential terms are concentrated in a neighborhood of a
portion I' of the boundary and this neighborhood shrinks to I' as a parameter ¢
goes to zero.
We prove that the family of attractors is upper continuous at the ¢ = 0.

1 Introduction

Let ©Q be an open bounded smooth set in IRY with a C? boundary 952. Let I' C 09
be a smooth subset of the boundary, isolated from the rest of the boundary, that is,
dist(I", 0Q \ I') > 0.

Define the strip of width € and base I' as

we ={x —ori(z), z€l, 0 €[0,¢)} (1.1)

for sufficiently small ¢, say 0 < € < g9, where 7i(x) denotes the outward normal vector to
I'. We note that for small ¢, the set w, is a neighborhood of I" in €, that collapses to I'
when the parameter € goes to zero.

We are interested in the behavior, for small €, of the solutions of the nonlinear parabolic
problem

uf —div(a(z)Vus) = f(z,uf) + 21X, 9-(z,u°) inQ

dus _
a(r)Ge +b(r)u = 0 on I’ (12)
Bus = 0 on 0Q\ T
us(0) = wg in Q

*Partially suppported by Projects MTM2006-08262, MTM2009-07540, GR58,/08 Grupo 920894 BSCH-
UCM, Grupo de Investigacién CADEDIF, PHB2006-003PC Spain and Fis2009-12964-C05-03, Spain.
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Figure 1: The sets 2 and w,

where a € C'(Q) with a(z) > ag > 0 in Q and B denotes the boundary operator in 9Q\ T

Bu = u, Dirichlet case, or Bu = a(x)% + b(x)u, Robin case,
being 77 the outward normal vector-field to 9Q \ T' and b(z) a C*(99Q) function and X,
denotes the characteristic function of the set w..
Note that in (CZ) the nonlinear term g.(z,u) is only effective on the region w. which
collapses to I' as ¢ — 0.
We will show in this paper that the “limit problem” for the singularly perturbed

problem ([L2) is given by
u — div(a(z)Vu) = f(x,u) inQ

a(z)2 +b(x)u = go(z,u) onT
’ Bu = g on 0Q\ T (1.3)
u(0) = wup

where gp is obtained as the limit of the concentrating terms

1
EXnga('v u) - gO('u U)

as we now explain. To be more precise, observe that the nonlinear terms in (C2) may
contain zero and first order terms in u, so they can be written as

flz,u) = h(z) + m(z)u+ fo(r,u) with fo(x,0) =0, %fO(ZE, 0)=0 (1.4)



and

1

1
X ge(w, 1) = — X, (helw) + Vel + (0, w) - with g2(z,0) =0, O g0

%ga(:c,O) =0

(1.5)
with certain regularity properties that will be made precise below.

Thus, for small e, the nonhomogeneous terms, the potential functions and the effec-
tive reactions are “concentrated” in w,, which collapses to I'. Note that without loss of
generality we can assume that g. is defined on Q x IR.

Analogously for (L3) we will assume

go(z,u) = ho(z) + Vo(z)u + gy(z,u), x€T (1.6)
where hg, Vy and ¢3(z,u) are obtained as the limits of the concentrating terms

1 1
_Xwgha - hOa _Xwg‘/e - ‘/07
g g

in some sense that we make precise below, while
g%(z,u) — g9(z,u) umiformly in x € T, for u in bounded sets of IR. (1.7)
In order to continue further, we have the following definition.

Definition 1.1 Consider a family of functions J = {j.}. in Q.
i) The family J is an “L"—concentrated bounded family” near I' if

1.
- lil"sC (1.8)
€ Jwe

forl <r < oo, or
sup Je(z)| < C (1.9)

for the case r = oo, and C' a positive constant independent of €.
it) The family J is an “L"-concentrated convergent family” if it satisfies that for any
smooth function  in €2, we have

e—0 ¢

.1 . .
hm—/ jeap:/rjoap, (1.10)

for some jo € L"(I') (or a bounded Radon measure on I, jo € M(T") if r =1). In such a
case we write 1

gxnga —Jjo cc—L".
iii) The family J is said to be “L"—concentrated (sequentially) compact family” if for any
sequence in the family there exist a subsequence (that we still denote the same) and a
function jo € L"(I') (or a bounded Radon measure on ', jo € M(I") if r = 1) such that
for any smooth function ¢ in Q, we have (LI0).

3



Therefore the results of Lemma 2.2 in [6] can be recast as

Lemma 1.2 With the notations above, a “L"—concentrated bounded family” is a “L"-
concentrated (sequentially) compact family”.

Hence, we will assume that

1 1
—X,_ h: — ho, -X, V.-V, cc—L" forsomer >N —1. (1.11)
£ €

while ¢? converges to g as in ().

Our goal is to prove that under assumptions (L) and (CII), plus some growth and
dissipativity conditions on the nonlinear terms, problems (L2) and (LC3) have globally
defined solutions for certain classes of initial data. Moreover, we are going to show that
the solutions of both problems have enough compactness so that they are attracted to
the global attractors, A., 0 < ¢ < g¢ respectively. The global attractor for each problem
contains all information about the asymptotic behavior of all solutions.

Furthermore, we are going to show that the asymptotic dynamics of (L) and (L3
are close in the sense that the family of attractors A. is upper semicontinuous at ¢ = 0.
That is,

dist(A., Ay) := sup inf {|lu® —u°||} — 0, as e — 0,
us€ A, uP€Ag
in a suitable and strong norm which here implies, among others, uniform convergence in
Q for the functions and convergence of the derivatives in Lebesgue spaces.

Observe that the approach for upper semicontinuity has grounds in, e.g. Section 2.5.
in [§]; see also [I5] and requires the following ingredients. First, we must prove that
all problems have attractors and that they are uniformly bounded with respect to the
parameter 0 < £ < g9. Then we must prove that the nonlinear semigroups defined by
([C2) converge as e — 0 to the one defined by (L3)). This in turn, will be obtained from
the convergence of solutions for the corresponding linear equations, see [14].

Note that problems with concentrating terms have been considered before. First,
linear elliptic problems have been considered in [6] where convergence of solutions and
convergence of spectral pairs have been proved. Some related nonlinear problems have
been analyzed in [B]. Second, linear parabolic equations have been considered in [T4]. All
these results are the starting point for the present paper.

The paper is organized as follows. In Section B we recall previous results in [I4]
about linear parabolic equations with concentrated terms. These include results about
the setting for the solvability of the linear equations, Theorem 2, and results about the
convergence of solutions, Theorem Z3 Section Bl is then devoted to the well posedness
of the nonlinear problems ([C2) and ([L3) where, depending on the space for initial data,
some growth conditions on the nonlinear terms are imposed, see Theorem B2t here the
approach is taken from [3]. Also, we impose some sign conditions on the nonlinear terms
that imply that the local solutions above are globally defined, see Theorem Then, in
Section Bl we give some dissipative condition which implies that there are suitable uniform



bounds on the solutions for large times, independent of . In particular, we obtain the
existence of the attractors A, and uniform bounds, in strong norms, on them; see Lemma
D Section B is somehow independent of (but required for) the rest of the paper and
is devoted to analyze how the nonlinear terms 1X, ¢°(-,u) converge to go(-,u) under
assumption ([CT), when evaluated on families of functions defined in €, u, see Lemma B2
With all these, in Section [ we prove the convergence in finite time of the solutions of (L)
to the solutions of (L3), see Lemma Gl With this we obtain the upper semicontinuity of
attractors in Theorem B2 Some earlier and weaker results have been announced in [I1].

2 Linear problems

In this section we review the functional setting and some results for the linear problems
associated to (L) and (3)), namely

ui —div(a(z)Ves) = m(2)u® + 1A, Vo(z)u® inQ

a(z)Ze + b(z)u® = mo(z)u’ onT
’ Bu® = 0 on 0Q\ T (2.1)
ut(0) = g in
and
Bt K = ) + V@) onT
a(r)se: +b(x)u = (mo(z)+ Vo(x))u on
o Bu = 0 on 0Q\ I’ (2:2)
u(0) = wug in Q

with some fixed a € C*(Q), b € C1(99Q) and with m € LP(Q), p > N/2 and mq, Vy € L"(T),

r>N—1and .
- [ Vi <.
€ Jwe

The reader is referred to [I4] for further details.

For this, denote by A the operator Agu = —div(a(x)Vu) with boundary conditions
a(z)2 +b(z)u =0on I’ and Bu = 0 on 9Q\ I". Note the coefficients a, b are C*~smooth.

Choosing L1(2), for 1 < ¢ < oo, as a base space, the unbounded linear operator
Ao : D(Ag) € LUQ) — L4(Q), with domain D(Ay) = H2%(Q), consisting of all functions
in H%9(Q2) which satisfy all boundary conditions above, generates an analytic semigroup
in L9(Q2), see [2]. Here and below H*?(2) denote the Bessel potentials spaces which, for
integer s, coincide with the usual Sobolev spaces.

Using the complex interpolation—extrapolation procedure, one can construct the scale
of Banach spaces associated to this operator, which will be denoted H *(Q) for a €
[—1, 1], which are closed subspaces of H?*4(2) incorporating some of the boundary con-
ditions. In particular, we have H2*(Q) = L4(Q), and

HL(Q) = {fue HY(Q): u=01in 9Q\ T} for Dirichlet
be HM(Q) for Robin.



Recall that Bessel spaces have the sharp embeddings

'), s—¥> N 1<r<oo, ifs—&<0
q r q

H*(Q) c{ L"(Q), 1<r< o, if s — & =
_ ' g
c"(Q) ifs—2>n>0
with continuous embeddings, see [I]. This embeddings are known to be optimal.

Also, if 4 denotes the trace operator on I', then for s > %, ~r is well defined on
H#*1(Q) and

LT(F),S—%Z—N;1,1§T<OO, ifs—%<0
H*9(Q) B L"), 1<r<oo, ﬁs—%zo
cn(I) ifs—%>n>0

see [1J.

Note that the scale with negative exponents satisfies H,**(Q) = (H2*7 ()Y, for
0 < o < 1. Moreover, we have H™2%9(Q) = (H?**9(Q)) and H2*9(Q) — H,,*(Q).
See [2] for details.

Note that in this context, the arguments in Lemma 2.1 and 2.2 in [6] prove that

Lemma 2.1
i) If J = {j.}. is a “L"—concentrated bounded family” near T, see (L), (I4), then for

anys>%and8—%2—%,

1
gé\fnga is bounded in  H*P(2).

ii) If moreover J is such that such that

1
-X,.je = Jo cc—L"
€

N-1

r’

thenforanys>%ands—%2—

1
-X,.je — Jo in H*P(Q).
€

See Lemma above.

Also, the operator —Ay or, more precisely, a suitable realization of it, generates an
analytic semigroup, So(t), in each space of the scale H.*%(Q), a € [—1,1]. This semigroup
is order preserving and satisfies the smoothing estimates

Ma,ﬁe“t 28,9
ISo el ey < B ey >0, 1w € HE(Q)

for 1 > a > [ > —1 and some u € IR. In particular, one has

M, et
HSO(t)uoHLT(Q) < 71&&?71_1) HuoHLp(Q), t > O, Uy € LP(Q)
2\p T



for 1 < p < 7 < oo. The reader is referred to [2] and references therein, for further
properties of this scale of spaces and semigroups.

In particular, for any ug in H279(Q) or L°(€2), the function w(t; ug) := So(t)ug, t > 0,
is a classical solution of (Z1I) for V. = m = my = 0.

Now for problems (1) and (ZZ), the following results have been proved in [I4] and
will be used in a crucial way in the rest of the paper.

Theorem 2.2 Assume that m lies in a bounded set in LP(Q2), with p > N/2, mq lies
in a bounded set in L"(I") and also that the family of potentials V. is a L"—concentrated
bounded family, for r > N — 1, that is

V" <C, r>N-—-1.
€ Jwe
Then, for any 1 < q < oo, the problem (Z1) defines a strongly continuous, order
preserving, analytic semigroup, Sy, m,(t) in the space Hfgq(Q) for any

1 1

I =(-14+—1- —
v e I(q) = ( +2q, o

).

Moreover the semigroup satisfies the smoothing estimates

Mv’ﬁeut 27,q
SOl iy < 2 Nl ey >0, o € HES)

for every v,y € I(q), with y" > v, for some M, ., and p € IR independent of m, my and
0<e<eyand~,y €1(q). In particular, one has

M, et
IS m0e(E)ols-i) < 355

)HU()HLp t> 0, Uy € LP(Q)

for1 < p <71 < oo with M, and p independent of m,mg and 0 < e < &q.
Finally, for every ug € HPY(Q), with v € 1(q), the function u(t;ug) == Sp.m.e(t)to
is in C¥(Q) for any 0 < v < 1 and is a weak solution of (Z1) in the sense that

1
/ut90+/ VUEVQO—I-/ —mo(x))u“p = g/ Va(x)uacij/Qm T)u’

for all sufficiently smooth .

Note that if Vy € L™(T), for r > N — 1, with the choice V. = 0 and mq + V; replacing
my, the result above allows to define the semigroup S, m,+1, (t) such that for every ug €

Hzpyq(Q), with v as above, the function u(t;ug) := Spme+vs (t)uo is a weak solution of
(22) in the sense that

/ut<p+/ VuV<p+/ mo(x))ugo:/rvo(x)uij/Qm x)u

for all sufficiently smooth . With these notations we have
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Theorem 2.3 Assume that as s — 0
N
m. —m in LP(Q), p> 5
moe. — mo in L'(I'), r>N—1, (2.3)

1
-X, V.= Vo, cc—L" forsomer >N —1
€

and for any 1 < q < oo, consider the semigroups Sp. mq...(t) and Sy mov,(t) as above.
Then for every v,~" € 1(q) := (=1 + 2—1(1,1 — 2%1,) .Y >, and T > 0 there exists
C(e) — 0 as € — 0, such that

Q

(€)

- =

| Smemoc.e(t) = Smmo+vo (t)HL(HEJ"Z(Q),HEJ"‘Z(Q)) , forall 0<t<T.

In particular, for any 0 < v < 1 the solutions u®(t;ug) = Spmmg.c(t)uo of (Z1)
converge to solutions u(t;ug) = Spmmosve(H)uo of (ZA) in C¥(Q) uniformly on bounded
time intervals away from t = 0.

Finally, about the optimal exponential bound for the semigroups above we have the
following

Proposition 2.4 Assume (Z3) and denote by \] the first eigenvalue of the following
ergenvalue problem

—div(a(z)Ve®) = me(2)® 4+ 21X, Vo(z)¢® + Ap®  in Q
a(a:)%%s +b(z)p® = mo(x)p° onT
Byt = 0 on OQ\T.
i) We have that, as e — 0,
A — )\
which is the first eigenvalue of the limit eigenvalue problem
—div(a(z)Ve) = m(x)e+ Ap in Q,
a(x)%E +b(x)p = (mo(z) + Vo(z))g onT,
By = 0 on OQ\T.

i) For sufficiently small e and for any —p < A, the semigroups S mq . (t) and S, mo+vy (t)
defined above satisfy

Mywe“t 2.a
HSms’movaa(t)uo”H,fg"q(m = T ||u0||H§z’q(Q)a t>0, w € H, Q)

M., 6’“f 9
||Sm’m0+vo (t)uoHHggl’q(Q) — t:{/’jﬁ/ ||u0||H§zvq(Q)7 t>0, wug€ Hbg’q(Q)



for every v,y € 1(q) = (-1 + i,l - 2%,), with v > v, for some M, ., independent of

0 < e <eg. In particular,

M, et
| Sz mo.c.c (D)uoll @) < tﬂf()’;i_l)HUOHLP(Q)a t>0, wu€ L(Q)

2\p T

and
MpJe“t o
| Simmo+vo (E) o] 27 (@) < ey |uollze (), t>0, wuy€ L(Q)

p T

with M, ; independent of 0 < ¢ < gg.

3 Well posedness for nonlinear problems

In this section we give some results on the well posedness for both problems (C2) and
([C3). For these we use the results in [3] adapted to the particularities of problems (C2)
and ([C3) mentioned above. Also note that we will make use of the semigroups described
in Section Pl with boundary potential my = 0.

Hence we consider (CZ) and (I3) in the space X = LI(Q) or X = HyY(Q), for
1 < g < o0, where

HL(Q) = {fue HY(Q): u=01in 9Q\ T} for Dirichlet
be HM(Q) for Robin.

For either choice of X there exist suitable growth restrictions on the nonlinearities,
such that problems (L) and (C3) are locally well posed in X. For this we consider the
following class of nonlinear terms Ny

Definition 3.1 The class Nx is formed up with functions j(x,u) such that
i) j(z,-) : IR — IR is locally Lipschitz, uniformly on x € Q or x € T
ii) If X = L9(Q)), assume that

(2, u) = j(z,0)] < clu—of([ul~" + [~ + 1), (3.1)

iii) If X = H9(Q) and
a) if 1 < q< N, assume ([Z1)
b) if ¢ = N assume that for every n > 0, there exists ¢, > 0 such that

N N
N-1 N—1

l7(z,u) — j(z,v)] < cn(e"‘“| + el Mu — v, (3.2)

c) if ¢ > N, no further conditions are assumed.

Then the techniques from [3] applied here give the following result.



Theorem 3.2 Assume the nonlinear terms f(x,u), g-(z,u) and go(z,u) satisfy (I-4),
[3) and (L) respectively such that for every fized 0 < e < ey we have h,1X, h. €
L>(Q), m, 21X, V. € LP(Q) for somep > N/2, and fore =0, hg € L>(I) and Vy € L™(T),
for somer > N — 1.

Also, assume X = LU(Q) or X = HLY(Q), with

vaggagg GNX

Moreover assume that either

i) For (L), with fired 0 < & < &y,
a) if X = L%(Q) the exponents py, and pg in ([Z1), are such that

2q
Pror P < pa =1+,
b) if X = H,)() exponents py, and py in (@), are such that

2q
N—q

Pfor Pg0 < pa =1+

i) For (L3)
a) if X = L) the exponents pg, and pyo in (Z1), are such that with N > 2 (respec-
tively N =1)

<pg:=1+ 24 and <pr:=1+ ¢ (respectivel <pr:=1+¢q)
Py = PQ = N’ pgg > pr = N’ p Y, pgg pr = q),

b) if X = Hy'(Q) exponents py, and pgo in (Z1), are such that

q
N—q

2q
pfOSpQZ:1+N7_(] and pggéprizl—l—

Then for any ug € X there exists a unique (in certain sense) mild solution u(-,ug) €
C([0,7),X), of problems (LA) or (L3), respectively, satisfying u(0,ug) = ug in X. This
solution depends continuously on the initial data ug € X.

Remark 3.3 Observe that adding a term Au to both left and right hand sides of (LZ)
and [L3) and, with the notations of Sectiond, considering the semigroups Sy, -(t)e ™ and
Smve (t)e™, which correspond to the case mg = 0 in Section[d, the solutions of (L3) and
(L3) in Theorem [ZA satisfy the modified variation of constants formula

UE(t) = Spc(t — to)e MT0us (1) + /tt St — 8)e M= H_(uf (5))) ds (3.3)

and
t
w(t) = Spvy (t — to)e 20Dy (tg) + / Smve(t — 8)e M= Hy(u(s)) ds (3.4)
to

10



fort >ty > 0 respectively, where \ € IR is arbitrary and the nonlinear terms are given by

1 1
H.(u) =h+ fo(-,u) + du+ g?('wshe + ngsgg(-, w) (3.5)

and

Ho(u) = (h+ fo( u) + Au)g + (ho + g9, u))r (3.6)

respectively. Note that the latter must be understood in the sense that

< How). o >= [ (h+ fol-w) + Mo+ [ (o + g3 w)e

for suitable smooth u and ¢; see [3].

In order to ensure that the local solutions constructed above are globally defined,
following [, we will assume the following sign conditions on the nonlinear terms

Sign conditions (S5) Assume in addition that the there exist C' € LP(Q2), 0 < D € LP()
with p > %
uf(r,u) < C(z)u® + D(x)ul, r€Q, u€lR, (3.7)

and either
i) for (), with fixed 0 < & < &g, there exist E. € LP(Q), 0 < F. € LP(Q), p > T

such that
ug.(z,u) < E.(x)u® + F.(z)|u|, 7 €w., u€lR, (3.8)

ii) for (L3), there exist Ey € L"(I'), 0 < Fy € L"(I'), r > N — 1 such that
ugo(z,u) < Eg(x)u? + Fy(2)|u|, €T, uelR. (3.9)
Remark 3.4 Observe that comparing (I.4) with 1), (L3) with (Z3) and (L8) with
(23), we get
h(x)] < D(x),  |he(z)] < Fo(x),  [ho(2)] < Fo(x).

Then we have, see [4, Theorem 2.2] and also [I3, Theorems 2.5 and 2.6].

Theorem 3.5 Under the sign assumptions (S) above, the local solutions in Theorem [T
are defined for all t > 0 and each solution is bounded in L>*() and in X on bounded
time intervals away from t = 0.

In particular (L2) and (L3) define nonlinear semigroups

Te(t)ug = u®(t; ug), 0<e<egy, uye€lX,

for either X = LI(Q) or X = H.Y(Q).

11



Proof.
Step 1. We first prove the L>°(€2) bounds on the solutions. For fixed 0 < ¢ < &g, let
U®(t, |up|) be the solution of

Ui —div(a(z)VU?) = C(2)U¢ 41X, E.(x)U* + D(z) + 1 X, F.(x) in (),

a(z)9%% +b(x)Us = 0 onT,
BUs = 0 on 0N\ T
Us(0) = Juyl in Q.
(3.10)

Then, since D, F. > 0, we have that U®(¢, |ug|) > 0. Also, from (B7) and ) by
comparison, we have wu(t,ug) < US(t,|ugl), for as long as u(t,ug) exists. Proceeding
similarly we obtain that u(t,ug) > —U®(t, |ug|) for as long as u(t, ug) exists. Consequently

s (t,uo)| < US(2, |uol), (3.11)

for as long as wu(t, ug) exists.
Now observe that the variations of constants formula for (BI0) gives

U=() = S.(8)|uo| + /Ot S.(t — s)H. ds

where we denote temporarily H. = D + %stF6 which is in LP(Q) for p > N/2, by
assumption and S.(t) is the semigroup in Theorem [ZZ, for the choice m = C', my = 0,
V.=F..

Taking now L>°(Q2) norms we have that, using the estimates in Theorem 22 for all
0<t<T,

_N t _N
|U= ()] o) < Co(T)t 24 [|uo]| a(qy +C€(T)/O (t — )72 ||Hel o) ds. (3.12)

Now, the right hand side term is bounded for ¢ in compact intervals bounded away
from O (the integral term is convergent since p > N/2). From here, the L>°(2) bound in
[0, T'] follows.

On the other hand, for € = 0, let U(t, |ug|) be the solution of

U —div(a(x)VU) = C(x)U+ D(z) in Q,

a(z)%% +b(z)U = Ey(x)U + Fy(z) onT,
BU = 0 on 0N\ T,

U(0) [uo in Q

(3.13)

Then, since D, Fy > 0, we have that U(t, |ug|) > 0. Also, from [BX) and [B3) by com-
parison, we have u(t, ug) < U(t, |ugl), for as long as u(t, up) exists. Proceeding similarly
we obtain that u(t,ug) > —U(t, |ug|) for as long as u(t, ug) exists. Consequently

‘u(tv u0>| S U(t7 ‘UO‘)v (314)

for as long as u(t, ug) exists.

12



Now observe that the variations of constants formula for (B13) gives
t
U(t) = S(t)|uo| + / S(t — s)Ho ds
0

where we denote temporarily Hy = Dq + (Fy)r, in the sense that, for smooth enough test
functions,

< Hy, ¢ >:/D<,0+/F0g0.
Q T

Note that here S(¢) is the semigroup in Theorem for the choice m = C, my = Ej
V. =0.

Now observe that for the term S(t)|uo|+ J3 S(t—s)D ds the argument runs as in (F12).
On the other hand, note that as Fy € L"(I') for r > N — 1, then using a test function
¢ € H'" (Q) with 2y > L we obtain that Fy € H,;”""(Q). Hence, using the estimates in
Theorem we get for 0 <t < T,

t t ,
I [t = 5)(Fhrdsl oy < CT) [ (6= 5) D Fillymrgyds (315

and the right hand side is bounded in [0, 7] provided v + v < 1. Since r > N — 1 and
taking v close to %, the sharp embeddings of Bessel spaces in Section Blimply that there
exist 7/ as above such that H27""(Q) C L®(Q).

Step 2. Now we prove solutions are global. Using the bounds in Step 1 observe that in
the variations of constants formula (B3)) and (B4 with A = 0, we have that, for ¢t > tq > 0,
(B3) is bounded in  while in ([BH]) the parts in Q and I' are both bounded. Therefore,
on finite time intervals away from ¢t = 0, (B3) is bounded in LP(2) for any 1 < p < o0
while () is bounded in H,,>"?(Q) for 2y > % for any 1 < p < oc.

Then, using the estimates in Theorem 22 from ([B3]) we get for 0 < to <t < T,

0Ol o) < CoTNE~ 1)+ C(T) [ (=) ds, (316)

to

for any 1 < p < oo and 0 <4’ < 1, while from B2l we get

’ t (A
)10y < Co(T )t = 10) 7 4 Co(T) [ (6= )"0 ds (37
c 0
provided1<,0<ooand7’+7<1,thatisfor7’<1—7<I—QLP,:%—I—i.

Hence, we obtain bounds in H2**(Q) on finite time intervals away from zero. In
particular we can take p = ¢ and 7’ > 1/2 and then the solutions are global. =

Remark 3.6

i) Observe that in the proof above if the semigroups S:(t) and S(t) decay exponentially
then the L= () bounds in (Z12) and (FI3) can be obtained for all t > 0 and uniformly
for ug such that ||ug||La) < M.
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With this, using (Z3) and (54) with X large enough such that the semigroups Sp, . (t)e™
and Sy, v, (t)e™* decay exponentially, the bounds (Z14) and (F-171) can also be obtained
for all t > 0 and uniformly for ug such that |[ug|| ey < M.

In such a case the results in [8] would imply that, for each fixred 0 < e < ¢gq, (LA) and
(L3) have attractors A. and Ay respectively in X .

ii) On the other hand, with the argument above we could obtain bounds independent of  in
(Z12) and (Z14) if the constants and the exponential bounds of the semigroups S:(t) and
Sme(t) are independent of € and if X, F. was a bounded family in LP(2) for p > N/2.

The first of this conditions can be guaranteed by Theorem [ZA and Proposition
provided

1 1
~ ‘E€|T7 ~ H/EV < C7
9 We 3 We

and

1 1
-X,.B. - FE, -X, V.—-VW, cc—L" forsomer >N —1.
€ €

Howewver the second condition would read
1
_ |FE|P S C
ep We

which is far more restrictive than actually needed, since conditions of the type (I.3) are
much weaker. Note that the conditions of the type (L8) can only give uniform bounds in
LY(2) which are not enough to obtain L>=(2) estimates on the solutions. To see this note

that ' 1 1
Yr g 1/r 1/t
L rrs S e = G f ) () <

since |w:| = O(g), while if 1 <p <r

1 1 1 41 p/r 7 |we|\1-p/7
Z p E—— p - r
2% Pl = 5 [ 1EP < o (G 1E1)" (5F)

would not be bounded if p > 1.
In the next section we will address the question of obtaining asymptotic bounds (i.e.
fort — oo) which are independent of e.

4 Existence of attractors and uniform bounds

In this section we give conditions that allow to prove that the nonlinear semigroups defined
by problems (L) and ([3) in Theorem B have global attractors A, and Aj respectively
and to obtain suitable uniform bounds on A. independent of ¢.

For this we will assume that in (BS)

1
SB[ <C r>N-1 (4.1)
€ Juwe

14



and

%/w E["<C, r>N-1. (4.2)
Observe that by Lemma we m;y assume without loss of generality that
%X%E6 —E cc—-L", r>N-1, (4.3)
and ]
ngng —F c—-L", r>N-1 (4.4)

as in Definition [LTl See also Lemma P11
Therefore we will also assume the following dissipativity condition.

Dissipative condition (D) There exists ¢ > 0 such that the first eigenvalue, A, of the
following problem

—div(a(x)Vy) = C(x)p+Ap inQ

a(r)%8 +b(z)p = E(x)p onT (4.5)
By = 0 on O\ T
satisfies
A1 >0>0 (4.6)

for £ = E as in {@3) and £ = E, in 3.

Lemma 4.1 Assume the sign conditions (3.3), (Z8) and (33), the concentrated bounds
@-1), @-3) and @-3), @A) and the dissipativity condition ({Z.0).

Then there exist a constant K, and a function R (M, t), for M,t > 0, independent
of € such that for each fired M > 0, Rs (M, 1), is monotonically decreasing and converges
to zero, ast — oo and such that for sufficiently small 0 < e < &g, the global solutions of
problems (LA) and (I3) in Theorem[3A, satisfy that for initial data such that ||ug||La) <
M

sup sup  [us(t, 3 u0) || L) < Koo + Roo(M, ).

0<e<eo [luollLa(a)y<M

In particular, for any M > 0,

limsup sup sup  [|u(t, 3 u0) || L) < Koo
t—oo 0<e<gg ||u0||Lq(Q)§M

Proof. In this proof we keep the notations in the proof of Theorem We start with
the case ¢ = 0, that is, for problem (L3J) and we follow the argument in Proposition 3.2
in [); see also Theorem 3.15 in [13].

Since condition (D) holds for E = Ej in (8H), see @), [@H), consider 0 < ®°(z) the
unique solution of the following problem

—div(a(z)V®®) = C(z)®°+ D(z) inQ
a(x)22 4+ b(2)®° = Ey(z)®° + Fy(r) onT (4.7)
Bo® = 0 on N\ T
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which is the unique stationary point of (BI3)). Thus, since C, D € LP(Q2) with p > N/2,
Eo, Fy € L"(T) with » > N — 1, then elliptic regularity implies ®° € L>°(Q); see e.g.
6, [14].

Note that condition (D) implies that S(t) decays exponentially, that is the estimates
in Proposition B4 hold for 4 = —¢. Then in (B14]) we have

Ul(t, |uol) = S(t)(Juo| — @°) + @°.
Then estimates in Proposition Z4] applied to the semigroup S(¢) imply that

Ke ot
U (¢, uol) |2 (@) < —5—Iluol — ®°||Laqe) + |2l L= (@)

2q

and the result follows for ¢ = 0.
Now for 0 < e < gq, that is, for problem (C2), we denote by A the first eigenvalue of
the following eigenvalue problem

—div(a(x)Ve®) = C(z)¢° + %XWEEE(x)gpe + A in Q
a(m)aainf +b(z)p® = 0 on I’
Byt = 0 on OQ\ T

Since (E3) holds, by the spectral convergence obtained in [6], we have A\ — A\ with
A1 the first eigenvalue of the elliptic limit problem (EEH) with E = E; see Proposition ZA
From condition (B8), we get that for small enough gy we have A\] > § for every 0 < e < &y.
Therefore, since C, D € LP(2) with p > N/2, and for each fixed e we have 1 X, E., 1 X, F. €

L7(Q) with » > N —1 > N/2, there exists a unique solution 0 < ®° € L>*(Q) of the
elliptic problem

—div(a(z)V®®) = C(x)®° + 1 X, E.(x)®° + D(z) + X, F.(z) inQ
a(z)Z + b(z)P* 0 on T
B®* = 0 on 0Q\ T
(4.8)

which is the unique stationary solution of (BI0).
Thus, as before, we have that in (BITI)

U (t,|uol) = Sc(t)(Juo) — D7) + @°.
Now from condition (D), (B8] and part ii) in Proposition EX4, we have that

Ke ot
|US(t, luo])|[ =) < —=5—Illuo] — D°[|La(e) + ||| Lo (0)-

2q

for some K > 0 independent of ¢.
Now, since (3]) and (E4)) hold, the convergence results for elliptic problems in [6], we
have that ®¢(x) — ®(x), as ¢ — 0, in C#(Q2), for some 3 > 0, where ® solves

—div(a(x)V®) = C(z)®+ D(z) in{
{ a(z)%2 +b(x)® = E(z)®+ F(z) onTl
B® = 0 on O\ T
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In particular,
[2%]| Lo () < C

for some C' independent of € and we get the result. m

Remark 4.2 Observe that in the Lemma we have Ry (M,t) — oo ast — 07. Also
observe that for either X = LY(Q) or X = HyY(Q) the bounds on the solutions in Lemma
[7-1 are uniform for bounded sets in L(Q2) of initial data.

In particular, we get

Corollary 4.3 With the notations of the Lemma [{-1] and with the functions defined in
#1) and [Z-8), we have for all 0 < e < g

lim sup |u® (¢, x; up)| < ()

t—o0

uniformly in x € Q and for any initial data such that |uol|Le@) < M.
Also, if |ug(x)| < ®°(x) for all x € Q then

|us(t, z;up)| < P°(x)
forall0<e<ey, z€Qandt > 0.

Remark 4.4 The uniform bound in L*°(2) on ®° does not follow from the arguments in

Theorem 4.5 in [4)]. In fact this would require uniform bounds of L X, E., 1 X, F. in some

LP(Q) with p > N/2, but a bound like (I8), for 1 < r < oo, only gives uniform bounds
in L*(Q); see Remark [ED. Instead the argument above relies on the sharp results in [6]
that allow to conclude that the concentrating terms near the boundary actually behave as
boundary terms. This explains why (L) for r > N — 1 suffices.

With this and the smoothing effect of the equations we get

Lemma 4.5 Under the assumptions in Lemma [{.]] assume moreover that

1
sup |he(z)] < C,| g V" < C, r>N-—1

TEWe

and {g°(x,u)}. is uniformly bounded in Q on bounded sets of IR, i.e. for any R > 0 there
exists a positive constant C'(R) independent of € such that

192(z,u)| < C(R), forall z€Q, and |ul <R.

Then, for any 1 < p < oo and vy < % + 2_1,) there exists a constant K, and a function
R,/ (M,t), for M,t > 0, independent of € such that for each fixzed M >0, R, (M,t), is
monotonically decreasing and converges to zero, ast — oo and such that for sufficiently
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small 0 < e < eg, the global solutions of problems (LA) and (L3) in Theorem [T, satisfy
that for initial data such that ||uo||pa@)y < M

sup sup [Jus (¢, UO)HH%’J’(Q) < Ky o+ Ry (M 7).
0<e<eo |luollpa()<M "
In particular,
limsup sup sup  |lu(t, 5 uo)
t—oo  0<e<eo |lug|lpay<M

Therefore, the global semigroups defined by problems (LA) and (I-3) in Theorem [Z3,
have global attractors A. in X which satisfy

||H5;Y/vﬂ(Q) < KPv'Y"

sup sup ||vxl]|

Q) < Kprv’-
0<e<eg vEA.

HE'Y/»/J(
In particular the attractors are uniformly bounded in Hy"(Q) and C*(Q) for any 1 < p <
oo and for any 0 < v < 1 and for every function u® € A, we have, for 0 < e < &

|u(2)] < ®°(z)
for all x € Q.

Proof. We start with 0 < ¢ < g3. From the assumptions on V. of this lemma and
Proposition 24, we can choose A large enough such that in the variations of constants
formula (B3), S,,-(t)e~* decays exponentially and independent of .

Now, using Lemma BTl we use the variations of constants formula (B3), for ¢ > ¢, > 0.
Then, using that ||u®(s;uo)||ze@) < Koo + Roo(M, ty) for s > 1y and for any initial data
such that |lug|/re@) < M, in (BH) we have that h, fJ(-,u) are uniformly bounded in
L>(Q2), while for t > ¢,

sup |g2(z, u*(t, 2))| < C.

TEWe

These combined with the assumption on h, and Lemma 1], with r = oo, gives that for
any 1 < p < oo, 2y > % and 2y — % > —N + 1, the nonlinear term H_(u®(s;u)) in
(B3) is uniformly bounded in H,,*""(Q), for any s > t, and for any initial data such that
ol za) < M.

Thus part ii) in Proposition 24, gives that, for v+~ < 1 and some p > 0

/ t /
< (Koot Roo (M, o)) Ke "0 (t—t )V 4 KC | e 9 (t—5)= (") (s,

to

||u€(t7 U(]) ||H§;Y'»ﬂ(g)

N=1 and therefore the estimates

Note that the second condition on 7 above reads 2y > % —
aboveholdforany2fy>§andfy’<1—7<1—2%,:%+2—lp.

In particular, starting with p = ¢ we get bounds in H;J () for some 7' > 1/2 and
then the results in [8] imply the existence of the attractor. The rest is immediate.

For € = 0 we use the same argument on the variations of constants formula (B3] using

similar bounds now on the nonlinear term in (B.G). =
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Remark 4.6 i) Again in the Lemma we have R, (M,t) — oo ast — 07. Also observe
that for either X = L4(Q) or X = H.%(Q) the bounds on the solutions in Lemma[f1] are
uniform for bounded sets in L9(S2) of initial data.

ii) As a consequence of the uniform estimates above, for any M > 0, to > 0 and
luo|lLagy < M the set

{T:(t)uo, t > to, ||luol|pa) < M} = {T.(s)T:(to)uo, s >0, ||uollre@) < M}

is bounded in L>®(Q) and in HX*(Q) for any 1 < p < 0o and v < I+ i.

In particular, once we have fixed such a family of initial data, we can assume that the
nonlinear terms are globally Lipschitz and the semigroups T.(t) and Ty(t) are defined on
Lr(Q2) for any 1 < p < oo. In particular, the attractors A. attract solutions in the norm

of HY*(Q) for any 1 < p < 00 and v < 1 + =

Now since the nonlinear semigroups 7.(¢) and Ty(t) are order preserving and the
estimates above, from Theorem 3.2 in [I3], see also [7], we get the existence of extremal
equilibria for problems (C2) and (3]) which are the caps of the attractors

Proposition 4.7 Under the above notations and hypotheses, for each 0 < & < &g, there
exists two ordered extremal equilibria ¢S, < ¢S, such that A. C [¢, ©%], ©5,, ¢5% € A-
and

o, < litm inf u®(t, x; up) < limsup u®(t, z;up) < ¥y

—00 t—o00

uniformly in x € Q0 and for initial data ug such that ||ugl|Le) < M.

5 Concentrated nonlinear terms

Observe that in [6] we obtained several results that allow to pass to the limit in linear
elliptic problems with term that concentrate near the boundary I'. In the present paper
we need to pass to the limit in nonlinear terms, Therefore, in this section, we prove
two technical results that will allow to pass to the limit in nonlinear terms which are
concentrating near the boundary as ¢ — 0. Hence, in a sense, this section is independent
of, but needed for, the rest of the paper.

We note that the region w. in ([IZIl) can be written as w. = Up<s<cI's where

I's={x—dni(z), x €'}

where 77(x) denotes the outward normal unit at x € I' and 0 < § < €. Note that 'y =T.
Observe that for sufficiently small €5 and for 0 < § < €, denoting Qs = Q \ @, then
we can construct a C? diffeomorphism 75 :  — Qs of the form

(@) = { T if dist(x, ') > &
TN 2 —aps(0)A(z)  ifx =2 —ofi(2), 0 €[0,)
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with an increasing C? function 5 : [0,g0] — [0, &0] such that s(eq) = &g, ¥s(0) = 6.
With this construction we also have

I7s = Il|c2@ — 0, as 6 —0, (5.1)
and also 75 is a C? diffeomorphism between T' and T's and 75(z) = = — d7i(x) for z € T;

see [0 [6].
In particular, for any H defined on w. and for € < gy, we have

Hde — / [ HASds, (5.2)
We 0 JIs

and
HdS; = /F H(rs(2))J (75(x)) dSo(2), (5.3)

Ls

where dSs is the surface measure associated to I's and J(75(z)) := J(x,0) is the surface
Jacobian of the transformation 75. Note that in particular there exists constants 0 < J; <
Jo such that for all z € I' and for all § € [0, &

Ji < J(x,6) < Jy and  ||J5 — 1| geeqry — 0 as 6 — 0. (5.4)

Then we have the following result.

Lemma 5.1 With the notations above, if ¢g > 0 is sufficiently small and and 0 < § < &,
then for any 1 < q < oo, there exists a positive constant M independent of 6 such that
for every o € H“(Q) we have

1
lo(75) — @l ey < M|V Q| agus)
In particular, if p € HY(Q) and 1 < q <r (or g =1 < 1) we have that
1
le(75) = ¢llzary < MOT)S ™7V 1r(wy)-

Proof. First, by density we can assume that ¢ € C'(Q2). In such a case, we consider the
function ¢(t, x) = p(x —tori(x)) with t € [0,1] and x € I". Then, forx € ['and 1 < ¢ < 00
we have

[elrs(@) — el = [6(1) - 6O = | [ $ o)l

and
|/01 ¢ (t)dt]e < /01 Vo(z — 67 (x))|2|07(z)|%dt < &7 /01 Vol — o7 ()| dt.
Thus, we have that
[letms(e)) = gt asye) <o [ [ 196G~ i)l asyz . (55
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Therefore, using (B4l we get from (B3H)

ot~ @lley < o [ [ Vol — 57 1, 057 i ()

< J1
which, by (B3)), leads to

57 1
(o) = ey < =7 [ [ 1Ve(mas(a)|? dSis(e) dt.
1 /0 Tis

Now, the change of variables s = t§ shaves off a § and (22) gives

o) = ety < S [ [ 1Vt as.to)ds = 2 19l

The case ¢ = oo follows along the same lines as above and the rest follows from
Holder’s inequality and the fact that |ws| < C(I")d. =

Now, we consider a family of functions
@ :OxR— IR,

for 0 < e < &, satistying the following conditions
i) {¢2(x,u)}. is uniformly bounded in © on bounded sets of IR, i.e. for any R > 0
there exists a positive constant C'(R) independent of € such that

1%(z,u)| < C(R), forall €9, and |u|<R. (5.6)

ii) {g2(x,u)}. is uniformly continuous in Q, uniformly on bounded sets of IR and also
uniformly Lipschitz on bounded sets of IR, i.e. for any R > 0 there exists a positive
constant L(R) independent of € such that

0@, u) — 2@, 0)| S L(B)u—v], forall 2@ [ul <R [o|<R  (57)

iii) ¢%(z,u) converges to gj(z,u) uniformly on I' and on bounded sets of IR, i.e. for
any R >0

@z, u) — g§(z,u) as e—0, uniformly onz €T and |u| <R (5.8)

Then we have the following result. Note that here p and ¢ are not meant to be the
same as in previous Sections. Also, the result below applies in the case ¢ = g9, that is,
when the family does not depend on e.

Lemma 5.2 Consider a family of functions

@ OxIR— IR
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for 0 < e < gg. Also, consider a family of functions, C, in Q such that, for some
l<p<ooand R>0

]| zrr@)nre@) < R for allv € C. (5.9)

i) If {9°}. satisfies (&4), then there exists a positive constant, M(R), independent of €
such that for every 1 < ¢ < oo and any ¢ € H>? (Q) with s > i and every v € C we have

1
= [ 62 v)el < MBIl ey (5.10)

In particular
1
sup || =X, 92 (-, v) | r-2a0) < M(R).
veC €

i) If {g0}. satisfies (4), B-4) and (Z3), then there exists M (e, R) with M(e, R) — 0
as € — 0 such that for every ¢ € H9(Q) and v € C

2 [ so)e— [ 0el < M Bl (5.11)
provided
L o1
In particular
% 0.0 v) = gd(-,v)  in H™59(Q), uniformly in v € C. (5.13)

qﬂ > —N;l. From Sobolev

embeddings we have H*? (2) C L"(T") and from Lemma 2.1 in [6] we have that, for some
constant independent of ¢,

Proof. i) First, given s > % there exists 7’ > 1 such that s —

1 y
= [ el <l

Now, we consider 7 such that £ + & = 1. Then (&), the L>(£2) bound on v € C and
using |w.| < C(D)e we get £ [, [¢2(-,v)]" < C(R) with C(R) independent of €. Hence,
for all v € C

,r./
Hsd (Q)

S
7

2 [ el < 2 [ 1ol [ ] < Mg

£
and we get (B.10).
ii) Observe that using (B22), for all v € C

2 [ e [abtod =2 [ [ stwe- [t <

/ gg(?”)@ - / 98(,’0)(,0‘ = Sup5€[0,6}1(5>
Ts I

Hsd' (Q)

< SUPse[o,e]
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where, using (E3),

92000 = [ 80| < [ 192, v(r)e(ms) T (75) = g3, v)el o

)

Adding and subtracting ¢°(7s, v(75))¢J (75), 9°(7s5,v(7s))p, g°(7s,v)¢ and g2(-,v)p in
the expression above, we have that

I0) <L+ L+T+1L+1y

with
L = /|ge 75, 0(75))J (75)[(T5) — ‘dSo,
b= [ 168 o) lgll(75) — 1/
I3 = /r 192(75,v(75)) — °(75,v)||0|dSo,
[4 = / |gg(7‘5,v) — gg(’v)||¢|d5«0’
r
and

I = [ 192, ) = gb ) lgldso.

Then we now prove that there exist M;(e, R) such that, for every v € C, I; <
M;(e, R)||¢|| a1 with @ = 1,2,3,4,5 for every 0 < § < ¢, and with M;(e, R) — 0 as
e — 0.

Step 1. Observe that

I < lg2(rs, v(a)) ey [ () =
and using (B.6) and Lemma BTl we get for every 0 < 6 < ¢ and every v € C
I < Ml(’faR)”SOHHl»q’(Q)
with M;(e, R) — 0 ase — 0.
Step 2. Now we have that,
I < /F 192 (s, v ()11 (75) = 1 < [T = Ll ooy 192 (75, 0 (75)) | 2oy o | 2y

with (o[l 1y < O, Q)@ 1.0 ()- Then (B0) and (B4 implies, for every 0 < 6 < e and
vel
I, < M2(57R)||<P||H1»q’(ﬂ)

with My(e, R) — 0 as e — 0.
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Step 3. Choose again r’ such that H" q/(Q) c L"), ie. 7" < qu(vj\:,l), and then with r
such that L + % =1 we have r > ‘I(N ) and
Iy < |g2(75, v(75)) — 92 (75, V) | roy ool o )

with |l¢ll ) < Cllell e o). Then, using (B.1), we get

192 (75, v(7s)) — 92 (75, V) || L1y < L|o(75) = ]| 1o(ry-

Thus, Lemma Bl gives ||v(1s) — v||Lr < M§'s |v]| 17 () and, from the assumptions on

C, ||v||mrr is bounded provided aN=1) < ) < p. Note that this condition can be met
because of 05:[2]) Hence, for every 0 § 0 < ¢ and v € C we have that

I3 < Ms(e, R)[|oll o o
with M3(e, R) — 0 as ¢ — 0.
Step 4. Now, we have
L < [1g2(15,0) = g2, )l Loy ol oy

with ([l < CT, D)@l 1.0 Hence, the uniform continuity of g% in the first

variable and (B.J]) implies
Iy < My(e, R)[| ol o o

for every v € C, with My(e, R) — 0 as € — 0.
Step 5. Finally, observe that
Is < [lg2(-v) = g5 (s ) ooy el 2y
with [y < C(T, Q) l¢ll grv (o). Then using now (EF), we have
Is < Ms(e, R) ||l gra o)

for every v € C, where M;(¢, R) — 0 if ¢ — 0.
Therefore, (BI0)) is proved. m

In particular, we get

Corollary 5.3 Assume (&4), (5-3), (Z8) and

1
EXWJLE — hg, cc— L™

and consider the nonlinear terms defined in (Z3) and (Z4). Finally, consider a family
C as in Lemma [, that is satisfying (29). Then we have that for any 1 < ¢ < oo and
1

= <S8 <1

. <
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i) There exists C > 0 independent of € > 0 such that

sgg{HHE(v)HHI;s’q(Q), ||H0(U>HHI;S’Q(Q)} <C

ii) If (214) holds, that is p > w, there exists M () — 0 as € — 0 such that

Sup [ He(v) = Ho(0)ll g, w0y < M(e)-

Proof. Part i) follows from part i) in Lemma B2 On the other hand, part ii) with
s = —1 follows from part ii) in Lemma B2
Then, for % <s <1, fix i < 89 < s < 1 and by interpolation we get
[ He(v) = Ho(v)ll g, w00y < ClIH(v) = Ho(0)13 00 1 He(v) = Ho(0) [} g
for some 0 < # < 1 and a positive constant C' independent of . By part i) the first term
in the right hand side above is bounded uniformly in e, while the second goes to zero,
uniformly for v € C, and we conclude. =

6 Upper semicontinuity of attractors

With all the above we can then obtain the convergence of the nonlinear semigroups. Note
that although the nonlinear problems (CZ) and (C3]) are set in the space X = L%({2)
or X = HyY() as in Section B, depending on the growth of the nonlinear term, the
convergence results below always take place in Hblc’p (Q) for any 1 < p < o0.

Lemma 6.1 Fiz any M > 0 andty > 0 and consider any initial data such that ||uo|| La) <
M and denote u. = T.(to)ug.

Then, for any 1 < p < oo and any T > 0, there exists a constant C(M,T,e) — 0 if
e — 0, such that for e € (0, ),

||Ta(t)u£ - TO(t)uaHH;p(Q) S C(Ma T> 5) - 07 as e — 0; fO’f’t € [O>T]
In particular

sup ||T.(t)ve — To(t)v€||H;,p(Q) < C(M,T,e) -0, ase—0, fortel0,T].

ve€EAe ¢
Proof. Denote C = {T.(t)u. = To(t + to)uo, 0 < t < T, |luollze@) < M}. Then by
Lemma BTl and BEH the family C is bounded in L=(Q) and in H,"(Q) for any 1 < p < oo

and the bound depends only on M, ¢, and T'. In particular C satisfies the assumption (E9)
in Lemma B2 for any 1 < p < oco. Then (E213) and Corollary B3 hold for any 1 < ¢ < oc.
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From the variation of constants formula (B3) and [B4), with A = 0 and ¢, = 0, and
Theorem 23, we will get below that for any 1 < p < oo

t
T4~ To )0y < T+ M) [ (=) " T}t~ To()tel oy s (6.1)

for % <s<land a= %(s +1) < 1, with C(T,e) — 0 as ¢ — 0. Hence, applying the
singular Gronwall Lemma, Lemma 7.1.1. in [10], to ), we get the result.

We now split the proof of (E1l) in several steps. In effect, from the variation of
constants formula (B3) and ([B2]) we have that

I8 — To(t)uel ey < 1S (Ot = S (Ot gy +
b [ 1St = SYHAT5)02) = St = 5) LT ) oy s+
[ 1St = ) (HT(5)e) = Ho(T(5)00)) o st
[ 1S maalt = ) (Ho(Tels)ue) = Ho(Te(s)ue))gpoqey ds = I+ I+ Iy + 1y
Step 1.- From Theorem 23 we obtain
Iy = 11t = S (Ot oy < COLT, )t oy < COLT€)Kg

with C(M,T,e) — 0 if ¢ — 0 and K a positive constant independent of .
Step 2.- Again Theorem B3 gives

t
Iy = [ Sime(t = 5V Ho(T2()ue) = S (t = $) HlTe(5)1) oy ds <

t
< C(T.0) [ (= &) NHTe(5)0e) gy s

with C(T,e) — 0, for % <s<landa=1i(s+1)<1l
Now, from part i) in Corollary B3 we obtain ||H€(T€(s)ua)||H;s,p(Q) < K for s € 0,7
for some positive constant K7 independent of €. From this

Ig < C(M, T, 8)K2T1_a

since t < 7T
Step 3.- From Theorem we have

t
Iy = [ Smvot = ) (Ho(Te()ue) = Ho(T(s)u) | oy ds <
t
< OT) [ (8= &) N HAT(5)1s) = Ho(Te(8)) 2
for%<s<1anda:%(s+1)<1.
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Using now part ii) in Corollary B3, since p is arbitrary, we obtain that || H.(7%(s)u.) —
Ho(T=(s)ue) |l py-sr(q) < C(M, ) with C(M,e) — 0 as ¢ — 0 uniformly in s € [0,77].
Hence I3 < C(M,e)K3T' ™, with K3 a positive constant independent of .

Step 4.- Again Theorem gives

L= [ 1Smaot = ) (Ho(T(3)1e) = Ho(Tols)ue)) ooy s <

< C(T) /Ot(t — ) [ Ho(Te(s)ue) — Ho(To(s)ue )| —se(q) ds

for§<s<1anda:%(s+1)<1.
Now, observe that from the assumptions on the nonlinear terms we get that

[ Ho(u) — HO(U)HH;CS”J(Q) < Ljju - UHH;C”’(Q)

with L = L(R) if the norm of both u and v in H"(Q) N L*°() is bounded by R for any
1 < p < 0o. Hence, from the bounds in Lemmas BTl and we get

t
I < COLT) [ (¢ = 9) 7 ITe()te = Tols)ucl oy s

Putting all the estimates above together, we get (6I) and the proof is complete.
The statement about the attractors follows by the invariance of such sets. m

We are now in a position to prove the upper semicontinuity of the family of attractors.

Theorem 6.2 Under the above assumptions, for any 1 < p < oo, the family of global
attractors of (L) and (I3A), A., is upper semicontinuous at e = 0 in Hy (Q), that is

distHLp(Q) (A, Ag) — 0, ife — 0

be

where

uggﬁlo{ lu® —u” ||H;c"’(Q)}

dZStH;c"’(Q) (Ae, Ao) == UEIEIEE

Proof. First, note that from Lemma EL.H Up<.<.0.A:, is a bounded set in H;C’p(Q). Then,
as observed at the end of Section Hl we can always assume that, for any 1 < p < oo, the
nonlinear semigroups 7.(t) and Ty(t) are defined in H,*(€2) and the attractors attract in
the norm of H.”(Q).

In particular, Ay attracts in that norm the set Up.<-0.A-. Hence, given § > 0, there
exists 7 = 7(0) such that diStH;,p(To(T)ue, Ag) < 2 for every u. € A. with € € (0,&).

Next, using that A, is an invariant set, given v, € A., there exists u. € A, such that
T.(7)u. = v.. Therefore,

dist 1.0 (ve, Ag) < e — TO(T)uEHH;c,p(Q) + dz’stH;ép(To(T)ua, Ayp).
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Then from Lemma [B1], it is clear if € is small enough we get

o
[ve — TO(T>UE||HZ}C’P(Q) = || T(7)ue — TO(T)%HHZ}C’P(Q) < B}

and we conclude. =

In particular, we get the upper semicontinuity of equilibria

Corollary 6.3
i) For every sequence e, with e — 0 as k — oo and for every sequence of equilibria
ok € A, there exists a subsequence (that we denote the same) and a equilibrium point
o € Ay such that
Pt =" k—oo in H'(Q)
forany 1 < p < o0.
i) In particular, considering the extremal equilibria in Proposition [[.7, we obtain that
@Y <liminf ¢° < limsup ¢° < ¢,
e—0 e—0
Proof.
i) First, we note that if ¢, — 0,k — oo and ¢ € A, in H."(€) then, by Theorem
we get that ¢° € Aj.
Since °* is a stationary solution of ([L2), using Lemma (2 an Corollary it is easy

to obtain that ¢° is a stationary solution of (L3).
ii) This part is immediate. ®
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